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� Introduction

We study an optimal investment problem with a stochastic term structure
of the interest rates�

Optimal consumption�investment problems are studied in the literature
since a long time 	see e�g� Merton ��
� where the interest rates are constant��
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Afterwards� many authors have introduced a stochastic term structure for the
interest rates�

On one hand� some papers like Karatzas� Lehoczky and Shreve 	���
�
and Karatzas 	����� do not specify the stochastic process for the interest
rates� which leads to very general results� However� this general feature does
not lead to explicit solutions for the optimal policies�

On the other hand� papers by Bajeux�Besnainou� Jordan and Portait
	����� and S�rensen 	����� choose a Vasi
ek speci�cation for the term struc�
ture� This choice permits to obtain a closed�form solution� Bajeux�Besnainou�
Jordan and Portait 	����� analyse the dynamic behaviour of the solution�
S�rensen 	����� concentrates on implementation issues in a discrete time
setting�

In this paper� we investigate the case where interest rates follow the Cox�
Ingersoll�Ross 	hereafter called CIR� dynamics� Contrarly to the Vasi
ek
one� the CIR speci�cation does not permit negative interest rates� This is
the main reason why Rogers 	����� recommends to choose the CIR rather
than the Vasi
ek speci�cation� However� the CIR speci�cation is less easy to
manage� since in this case the distribution of the price de�ator is unknown�
contrarly to the Vasi
ek case�

Assuming completeness of the �nancial market and power utility function�
we obtain a closed�form solution by the use of the Cox�Huang methodology�

Cox and Huang 	����� characterize the value function of the consumption�
investment problem �

	i� as a conditional expected value�
	ii� as the solution of a linear partial di�erential equation� when the

stochastic processes are speci�ed� this PDE is much simpler to solve than
the highly non linear Hamilton�Jacobi�Bellman equation which comes from
the usual dynamic programming method�

Moreover� Cox and Huang 	����� obtain an explicit form for the value
function when all the parameters 	and in particular the interest rates� are
constant�

In the following� we compute the value function in a CIR framework by
using the �rst characterization� Afterwards� we study the behaviour of the
solution when time approaches to the terminal date� and we compare our
optimal strategies with the ones obtained in the Vasi
ek framework�

The paper is organized as follows� in section � we de�ne the market
structure and introduce the optimization problem� In section �� we solve
explicitely the problem in the power utility case� In section �� we analyze the
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behaviour of the solution and compare our results with the ones obtained in
the Vasi
ek case�

� The model

In this section� we present�
	i� the �nancial market� that is the assets available and their dynamics�
	ii� the optimization program� that is the characteristics of the agent and

his optimization criteria�

��� The �nancial market

The market is assumed to be arbitrage�free� complete and continuously open
between � and T � where T is a strictly positive real number� Randomness
is described by a ��dimensional Brownian motion z�t� � f�z�t�� zr�t���� t �
��� T �g 	hereafter � denotes transposition� de�ned on a complete probability
space ���F � P �� where P is the real world probability� The �ltration F �
�Ft�t��� represents the information structure assumed to be generated by the
Brownian motion and satisfying the usual conditions� Hereafter E t stands
for E �� j Ft�� the conditional expected value under the real world probability�

We suppose that the stochastic short�term interest rate process rt follows
the CIR dynamics�

drt � �a� brt�dt� �r
p
rtdzr�t�� t � �� 	��

where the coe�cients �r� a� b and r� are supposed to be strictly positive con�
stants and 	a � ��

r � so that P frt � �� �t � ��� T �g � 
�
Note that� without loss of generality� we use ��rprtdzr�t� in equation

	�� instead of the CIR notation ��r
p
rtdzr�t�� since this choice leads to a

positive volatility term in the bond�s dynamics� Indeed� in our settings� and
with a bond market price of risk equal to �r

p
rt� Cox� Ingersoll and Ross

	����� obtained the following results�
	Cox� Ingersoll and Ross �����
	i� The price at time t of a zero�coupon bond with maturity T � denoted

by B�t� T �� follows the stochastic di�erential equation

dB�t� T �

B�t� T �
� rtdt� �B�T � t� rt� �dzr�t� � �r

p
rtdt� � B�T� T � � 
� 	��
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with volatility�
�B�T � t� rt� � �rh�T � t�

p
rt 	��

where
h�t� � ��e�t���

���b��r�r��e�t���b��r�r�
� t � ��

� �
p

�b� �r�r�� � 	��
r �

	��

	ii� The price of the bond is given by the explicit formula

B�t� T � � exp f�a��T � t�� rth�T � t�g � 	��

where

��t� � � 	

��
r

log

�
	� exp

�
��b��r�r

�
t
�

� � �b� �r�r� � e�t�� � b� �r�r�

�
� t � ��

Note that the function h�t� is the derivative of ��t��
We suppose that the �nancial market contains three assets� which can be

bought or sold without incurring any restriction like short sales constraints or
trading costs� With these three assets� the market is complete� which means
that all risks can be replicated by a self��nancing portfolio�

The �rst asset is the riskless asset 	i�e� the cash�� its price� denoted by
S��t�� t � �� evolves according to�

dS��t�

S��t�
� rtdt� S���� � 
�

The second asset is a zero�coupon bond with maturity T and the third
asset is a stock� whose price is denoted by S�t�� t � �� The dynamics of S�t�
are given by�

dS�t�

S�t�
� rtdt��� �dz�t� � ��dt����

p
rt �dzr�t� � �r

p
rtdt� � S��� � 
� 	��

where the parameters ��� � �� �� � �� ��� �r� are assumed to be constant�
Remember that z and zr are independent�

Notice that Merton 	��
�� considered in a constant interest rate frame�
work only the �rst volatility term� As the stock prices also will be in�uenced
by the stochastic interest rates� we introduce the term with the Brownian
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motion of the short�term interest rates with the corresponding CIR market
price of risk 	see Bajeux�Besnainou et al� ����� ���� or S�rensen ���� in a
Vasicek framework�� This is equivalent to assuming that the market price of
risk vector equals � � ���� �r

p
rt�

�� We model the volatility term associated
to zr by analogy with the bond dynamics�

For any t � �� let us de�ne the process

H�t� � exp

�Z t

�

rsds�

Z t

�

���s� rs�dz�s� �



	

Z t

�

jj ��s� rs� jj� ds
�
� 	
�

where jj � jj denotes the Euclidean norm in R
� �

The process H�t� is called the growth�optimum portfolio 	see e�g� Merton
������ while H�t��� represents the shadow state�price process� It is well
known that�

B�t� T � � E
Q
t

�
exp

�
�
Z T

t

rsds

��
� E t

�
H�t�

H�T �

�
� 	��

where Q denotes the unique equivalent martingale measure de�ned by

dQ

dP
� exp

�
�
Z T

�

���t� rt�dz�t�� 


	

Z T

�

jj ��t� rt� jj� dt
�
�

��� The optimization program

We consider a �nancial agent endowed with a strictly positive initial wealth
Y�� His preferences are described by a utility function U � R�nf�g � R�
increasing� strictly concave� satisfying the Inada conditions U ����� � � and
U ���� � ��� and limy��� U�y� � ���

These conditions are for example satis�ed by the family of CRRA utility
functions which are de�ned by�

U�y� �
y�

�
� � � ���� 
�nf�g� 	��

Denoting by �
�	Bt �	St �� 	resp� 	
B
t � resp� 	

S
t � the proportion of wealth

invested into the riskless asset� 	resp� the bond� resp� the stock�� the program
of the agent is to maximize the expected utility of his terminal wealth under
feasibility constraints� namely�
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max
��t�t����T ��A

EU�Y �T �� 	���

where�
� the wealth process �Y �t��t����T � is de�ned by the following dynamics�

dY �t� � Y �t�	�tdiag�S�t��
��dS�t� 	���

Y ��� � Y� � ��

with 	t �
�
�
� 	Bt � 	St �� 	

B
t � 	

S
t

��
� S�t� � �S��t�� B�t� T �� S�t���� and where

for all x � �x�� x�� x	� � R
	 � diag�x� denotes the diagonal matrix whose i�th

	i � 
� 	� 
� diagonal element is xi� The dynamics of the wealth process can
also be written in an explicit way�

dY �t�

Y �t�
�

�

� 	Bt � 	St

� dS��t�

S��t�
� 	Bt

dB�t� T �

B�t� T �
� 	St

dS�t�

S�t�

� rtdt� 	Bt �B�T � t� rt� �dzr�t� � �r
p
rtdt� �

	St ����dz�t� � ��dt� � ��
p
rt �dzr�t� � �r

p
rtdt�� � 	���

Y ��� � Y� � �� 	���

� A is the set of admissible controls� namely

A �
	
�	t�t����T � � 	tisFt �measurable�R T

�


�
Y �t�	Bt h�T � t�

��
�
�
Y �t�	St

���
dt 
 ��P � a�e��

Y �t� � �P � a�e��t � ��� T �andEU��Y �T �� 
 ��g �
	���

with x� � max��x� ���
In order to solve this dynamic optimization problem 	���� we apply the

Cox�Huang methodology� Indeed� it is well known 	Cox and Huang �����
that 	��� is equivalent to

maxY �Lp��
�F �P � EU�Y �

s�to � Y isfinancedbysome	t � A
E



Y

H�T �

�
� Y��

	���

for some p � 
� where Lp
����F � P � is the space of positive FT�measurable

random variables such that

E �j � jp� 
��
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Under some growth assumption for the utility function and some integra�
bility condition for the price de�ator 	U�y� bounded from above by �����y

��b

and H�T � � Lp�b���F � P � for some �� � �� �� � � and b � ��� 
��� Cox and
Huang 	����� proved the existence of the optimal solution for 	���� Notice
that 	��� is a static problem� which can be solved in a standard way via the
Lagrangian theory� If we denote by y �� inffy � R� � U�y� � ��g� it
follows that the inverse of the right derivative of the utility function� namely
I�x� �� �U ���

���x�� maps ��� U ��y��� onto �y����� Moreover� the optimal
terminal wealth is given by 	see Cox and Huang �����

Y � � I

�
�

H�T �



P � a�e��

where � is the Lagrangian multiplier associated to 	���� The optimal wealth
at time t � � is associated to the following function�

F �H�t�� t� � E t

�
H�t�

H�T �
I

�
�

H�T �


�
	���

� E
Q
t

�
exp

�
�
Z T

t

rudu

�
I

�
�

H�T �


�
�

where the parameter � is determined by the budget constraint

F �H���� �� � Y�� 	�
�

However� when the interest rates follow the CIR dynamics� the distribu�
tion of the process H�t� is not easy to handle� and therefore we will express
	��� as a function of H�T �� and then determine a trading strategy which
replicates this function�

� Explicit solution in the power utility case

Let us consider the case of CRRA utility function de�ned in 	��� In this case
the optimal solution with non�negativity constraint on terminal wealth will
have the same form as the optimal solution of the unconstrained problem� In
fact� the CRRA utility functions exhibit an in�nite marginal utility at zero
wealth� so the non�negativity constraints never bind� From 	�� we deduce

I�x� �� �U ���
���x� � x

�
��� � � 
 x 
�� 	���






so that

Y � �

�
�

H�T �


 �
���

P � a�e�

While replacing 	��� into 	���� we have

F �H�t�� t� � �
�

���H�t�E t

h
H�T �

�
���

i
�

where � is determined by 	�
��

�
�

��� E

h
H�T �

�
���

i
� Y��

that is

� �

�
�E

h
H�T �

�
���

i
Y�

�
A

���

�

In fact� to compute 	���� we need an expression for

E t

��
H�T �

H�t�


 �
���

�
�

which is the aim of the following technical lemma�
Suppose that c is a real number such that

c

�

 �

��
r

	
� �rb

�r



� b�

	��
r

� 	���

then there exist two deterministic functions k��t� c�� k��t� c� such that

E t

��
H�T �

H�t�


c�
� k��T � t� c� exp f�rtk��T � t� c�g � 	���

For c � � the statement is obvious� so we only deal with the case c �� ��
From 	
� it turns out that

E t

��
H�T �

H�t�


c�
� E t exp

�
c

Z T

t

�
rs �




	

�
��
� � �rrs

�

ds� c

Z T

t

��dz�s��

�c

Z T

t

�r
p
rsdzr�s�

�

�



Using 	��� we have that

�
Z T

t

�r
p
rsdzr�s� �

�r

�r

�
rT � rt � a�T � t� � b

Z T

t

rsds



�

so� thanks to the independency of z�t� and zr�t�� we obtain

E t

��
H�T �

H�t�


c�
� f�T � t� rt� c��E t exp

�
�
rT � �

Z T

t

rsds

�
� 	���

where

f�T � t� rt� c� � exp c

�
�T � t�

�
c
��
�

	
�
��
�

	
�
�ra

�r



�
�r

�r
rt

�
� 	���

� � �c
�

 �

��
r

	
� �rb

�r



� 	���


 � c
�r

�r
� 	���

Applying to 	��� the formula of Pitman and Yor 	����� we �nd that�

E t

��
H�T �

H�t�


c�
� f�T � t� rt� c� exp f�a���	�T � t�� rt���	�T � t�g � 	���

with

���	�t� � � 	

��
r

log

�
	�e

���b�t
�

��
r
�e


t � 
� � �� b � e
t�� � b�

�
�

����	�t� � ���	�t� �

 ��� b � e
t��� b�� � 	� �e
t � 
�

��
r
 �e


t � 
� � �� b � e
t�� � b�
� 	���

and � �
p
b� � 	��

r�� which is well de�ned thanks to 	���� Equations 	���
and 	��� then lead to the result� with

k��t� c� � exp

�
c

�
c
��
�

	
�
��
�

	
�
�ra

�r



t� a���	�t�

�
� 	�
�

k��t� c� � ��r

�r
c� ���	�t�� 	���

Remark �� The technical hypothesis 	��� allows us to apply the formula
	��� in a slightly di�erent form with respect to the one established e�g� in
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Lamberton and Lapeyre 	������ chapter �� In fact� there exists a constant
M such that the Laplace transform

L�t� rt� �� � E t exp

�
��rT � �

Z T

t

rsds

�
	���

exists for �M 
 � 
 ��
Remark �� It turns out that 	��� can be written as

k��t� c� � �c �e
t � 
� �	 � ��
r�
 � c��

�� b� c�r�r � e
t �� � b � c�r�r�
� 	���

Now� since from 	��� with c � �
 we obtain 	��� and then 	��� it is possible
to see the link among the functions ��t�� h�t�� k��t� c� and k��t� c�� More
precisely� from 	�
�� 	��� and 	�� it follows that

k��t��
� � exp f�a��t�g �
k��t��
� � h�t��

Equipped with 	���� we are now able to solve explicitly the investment
problem� The solution will be given in two steps� in the �rst one we will
compute the trading strategy which replicates the portfolio H�t� in terms of
the basic securities �S��t�� B�t� T �� S�t��� afterwards we will �nd a strategy
in terms of H�t� which replicates the function F �H�t�� t�� that is the current
wealth Y �t�� We will denote by �	Ht �t����T � �

�
�
� 	HB

t � 	HS
t �� 	HB

t � 	HS
t

�
�

t � � the proportions invested at time t into resp� S��t�� B�t� T � and S�t�
necessary to duplicate the self��nancing portfolio H�t��

The strategy �	Ht �t����T � is given by

�	HB
t � 	HS

t � �

�
���r � ����

���rh�T � t�
�
��

��



� 	���

where the function h�T � t� is de�ned by 	���
Following e�g� Karatzas 	������ the weights of the strategy are given by�

	HB
t

	HS
t



� ���t� rt�

������t� rt��

��



where ��t� rt� is the volatility matix given by

��t� rt� �

�
� �B�T � t� rt�
�� ��

p
rt



� 	���

Then 	��� follows from 	�� and the de�nition of the market price of risk
�� Finally� it is easy to check that �	Ht �t����T � is admissible�

Notice that 	��� is the solution of 	��� where

U�y� � log�y��

and for this reason the process H�t� is also called the logarithmic portfolio

	see e�g� Long ������
Under the hypotheses of Lemma �� the trading strategy which replicates

F �H�t�� t� P � a�e� consists in a linear combination of the cash S��t�� the
zero�coupon bond B�t� T � and the portfolio H�t�� with weights resp�

	Y S�t � 
� 	Y Bt � 	Y Ht �

	Y Bt �
k��T�t� �

��� �
h�T�t�

�

	Y Ht � �
���

�

	���

or equivalently in a combination of the cash S��t�� the bond B�t� T � and the
stock S�t� with weights resp�

	S�t � 
� 	Bt � 	St �

	Bt �
k��T�t� �

��� �
h�T�t�

� �
���

���r�����
���rh�T�t�

�

	St � �
���

��
��
�

	���

From 	��� and 	���� we have to �nd the trading strategy that replicates
F �H�t�� t�� where

F �H�t�� t� � �
�

���H�t�E t

h
H�T �

�
���

i

� �
�

���H�t�
�

��� E t

��
H�T �

H�t�


 �
���

�
�

We apply the previous lemma with c � �
���

�

F �H�t�� t� �

�
H�t�

�


 �
���

k�

�
T � t�

�


� �



exp

�
�rtk�

�
T � t�

�


� �


�
�

��



By applying the It� formula to F �H�t�� t� and denoting by ���dt the de�
terministic factors� we have

dF �H�t�� t�

F �H�t�� t�
�





� �

dH�t�

H�t�
� k�

�
T � t�

�


� �



drt � ���dt

�




� �

dH�t�

H�t�
�
k�



T � t� �

���

�
h�T � t�

dB�t� T �

B�t� T �
� ���dt� 	���

which says that there exists a 	dynamic� combination of the processes H�t��

B�t� T � and S��t� with weights resp� �
���

�
k��T�t�

�
���

�

h�T�t�
and 
� �

���
� k��T�t�

�
���

�

h�T�t�
�

which allows to replicate F �H�t�� t� P �a�e� In fact� by arbitrage arguments�
it is clear that since the di�usion terms are equal in 	���� also the drift terms
are equal� The second part of the statement follows directly from 	����

Remark �� From 	���� we notice that the proportions invested into H�t�
and B�t� T � do not sum to one and are not static� This is in contrast with
the case where the interest rates follow the Vasi
ek dynamics� where a strong
two�funds separation between H�t� and B�t� T � holds 	see Bajeux�Besnainou�
Jordan and Portait ������ However� as in the Vasi
ek case 	see also S�rensen
������ the limit strategy in the limit case for � � �� is trivial� i�e� 	Bt � 

and 	St � 	S�t � �� since

lim
����

k�

�
t�

�


� �



� k��t��
� � h�t��

� A dynamic study

In this section we study the behaviour of the solution when time approaches
to the terminal date and we compare our results with the dynamic study
done by Bajeux�Besnainou� Jordan and Portait 	������

Bajeux�Besnainou� Jordan and Portait 	����� considered in a Vasi
ek
framework a model based on three assets� cash� a stock and a bond with
constant time to maturity� They study power utility functions 	whose Arrow�
Pratt measure of absolute risk tolerance is linear�� They �nd that the optimal
proportion of wealth invested into the risky asset turned out to be constant
but that� on the other hand� a shift of wealth from bond to cash occurs when
risk aversion is large� while for less risk averse agents the proportion invested
into the bond increases as time passes�

��



In order to compare our results with the ones obtained in the Vasi
ek
framework� we concentrate like them on the case of a bond with constant
time to maturity K � �� which we denote by BK�t�� In fact� the introduction
of this bond simpli�es the calculations as it is di�cult to check whether the
proportion 	Bt in 	��� is a decreasing function of time� We therefore rewrite
	��� in terms of S�t�� BK�t� and S��t�� The dynamics of BK�t� are given by

dBK�t�

BK�t�
� rtdt� �K �dzr�t� � �r

p
rtdt� � BK�t�K� � 
� 	���

where
�K � �r

p
rth�K��

From 	�� we can deduce the strategy which replicates BK�t��

dB�t� T �

B�t� T �
� rtdt� �B�T � t� rt� �dzr�t� � �r

p
rtdt�

� rtdt�
�B�T � t� rt�

�K

�
dBK�t�

BK�t�
� rtdt




�

�

� �B�T � t� rt�

�K



dS��t�

S��t�
�
�B�T � t� rt�

�K

dBK�t�

BK�t�
� 	�
�

which then consists in investing a proportion �B�T�t�rt�
�K

intoBK�t� and



� �B�T�t�rt�

�K

�
into cash�

The trading strategy which replicates F �H�t�� t� P � a�e� consists in a
linear combination of cash S��t�� the bond BK�t� and the stock S�t� with
weights resp�

	Y S�t � 
� 	Y Kt � 	Y St �

	YKt �
k��T�t� �

��� �
h�K�

� �
���

���r�����
���rh�K�

�

	Y St � �
���

��
��
�

	���

Immediate from 	��� and 	�
��
The proportion of wealth invested into the bond BK�t� is an increasing

function of time if and only if � � ��
From 	��� it results

d
dt
	YKt � � 	
 d

dt
k�



T � t� �

���

�
� �

	
 d
dt
k�



t� �

���

�
� �

	
 ����	�t� � ��

��



Since ����	�t� � � if and only if ����	
�
ln t



� � �� we make the change of
variable z �� exp�t in 	���� which becomes a ratio of two linear functions of
z� By imposing ����	�z� � �� we �nd the following relation�

��
r


� � 	
b � 	��

Now� by replacing 	��� and 	���

d

dt
	Kt � �	
 c���

r � 	cb
�r

�r
� �	c

�

 �

��
r

	
� �rb

�r



	
 c

�
�c� 
���

r � 	
� � ��

and we obtain the statement� since c � �
���

�
When risk aversion is high� that is for � 
 �� the solution suggests to shift

the proportion of the wealth invested into the bond BK�t� to cash as time
passes� while the proportion invested into S�t� remains constant 	this due to
the CRRA utility function�� For � � ��� 
�� the proportion invested into the
bond BK�t� increases� since S��t� is itself a risky asset in a stochastic interest
rates framework� it is quite natural to prefer the risk premium of the bond
BK�t� in order to improve the performance of the cash� This conclusion is
perfectly analogous to the one obtained in the Vasi
ek framework�
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