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In this paper we study the pricing and hedging of arithmetic Asian basket spread options of the European type 

and present the main results of Deelstra et al. (2008). Asian basket spread options are written on a multivariate 

underlying. Thus we fi rst need to specify a fi nancial market model containing multiple stocks. We choose to use the 

famous Black and Scholes model. 

by: Griselda Deelstra, Alexandre Petkovic and Michèle Vanmaele 

The set up and the problem

More formally we assume a fi nancial market composed 

of m risky assets such that the dynamics of the price of the 

jth asset under the historical probability measure P are  
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where μ
j
 is the constant instantaneous return, σ

j
 the 

return’s volatility and � ( )jB t  is a standard Brownian 

motion under P. Furthermore we assume that asset 

returns are correlated according to
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The fi nal pay off at time T of an Asian basket spread 

option is of the form
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 is the weight given to 

asset j, ε
j
 its sign in the spread and K is the strike price. We 

assume that ε
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Such Asian basket spread options are frequently 

encountered in the energy markets where they are used 

by energy producers to cover their profi t margins.

From the fundamental theorem of arbitrage free 

pricing we know that the arbitrage free price of an Asian 

basket spread option can be obtained by evaluating 
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where E
Q
 denotes the expectation with respect to the 

risk neutral probability measure Q and r is the risk-free 

interest rate. The risk neutral probability measure Q 

is a probability measure equivalent to P such that the 

discounted asset prices are martingales under Q.

Unfortunately things are not as simple as they seem. 

Since the underlying is a linear combination of the asset 

prices, formula (1) does not have a closed form expression. 

This means that for evaluation we need to resort to 

numerical methods. One of the most popular methods 

is the use of Monte Carlo simulations. Unfortunately, 

Monte Carlo methods can be time consuming especially 

in the case of path dependency. This poses some serious 

problems to the implementation of arbitrage free pricing 

by traders. Furthermore, fi nancial institutions are not only 

interested in the evaluation of the option price. In order to 

control the risk of their position they also want to evaluate 

the Greeks: the derivatives of the option price with respect 

to the parameters of the stock prices. This additional task 

can considerably increase the computational time making 

the use of Monte Carlo methods even more complicated.
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Two Solutions

In this paper we consider two ways of approximating the 

price of an Asian basket spread option: the comonotonic 

approximations and the moment matching methods. 

The logic behind both techniques is similar. It consists 

in replacing the original underlying, denote it by S, by a 

new one whose structure is simpler.

First: the comonotonic bounds

As said above a fi rst way of approximating (1) is to use 

the so called comonotonic approximations. The idea 

behind the comonotonic approximations is to replace the 

underlying S in (1) by a new underlying Z of the form
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where the Z
ji
 are chosen such that Z

ji
 and a

j
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) have the 

same marginal distribution. However the dependence 

structure between the components of Z will be different 

from the dependence within S. Indeed the dependence 

structure between the components of Z shall be maximal, 

it shall be comonotone. 

Two reasons explain the success of the theory of 

comonotonic random vectors in the option pricing 

literature. First, it can be shown that if X is a n-dimensional 

comonotonic random vector with marginal components 

X
i
 then
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where �
iK � can be evaluated using the marginal cumulative 

distribution functions of the vector of a
j
S

j
(t

i
)'s. Thus the 

stop-loss premium of the sum of the components of a 

comonotonic random vector can be written as the sum 

of the marginal stop- loss premia. Something of interest 

since the expectation of the marginal stop-loss premium 

is simply the Black and Scholes price. Second, there are 

different ways of building comonotonic variables. And 

they do not lead to the same comonotonic random sum. 

Furthermore depending on which comonotonic sum is 

used we can tell whether our approximation will be an 

upper or a lower bound.

Using the theory of comonotonic random vectors, we 

derived, in the fi rst part of Deelstra et al. (2008), four 

different comonotonic approximations of the real price. 

In fi nance comonotonicity is used for pricing and hedging 

of Asian, basket or Asian basket options (see Simon et 

al. (2000), Vanmaele et al. (2006), Deelstra et al. (2004), 

Chen et al. (2008)). To our knowledge, this is the fi rst time 

that this approach has been used in order to approximate 

basket spread or Asian basket spread options.

Second: moment matching

The basic intuition behind the moment matching methods 

goes as follows: consider the original problem of 

evaluating (1). Since the distribution of a correlated sum 

of log-normal random variables is not known, we cannot 

derive a closed form expression for this expectation. 

However, we can derive an approximation to the price by 

replacing the original underlying of (1) by a new random 

variable with a treatable distribution with p parameters 

whose stop-loss premium has a closed form expression. 

The p parameters are fi xed such that the p fi rst moments of 

the new random variable are equal to those of the original 

underlying. This is what is called moment matching.

Deelstra et al. (2008) contributes to the literature on 

moment matching approximations in two ways. First, 

we study and improve the hybrid moment matching 

method that was introduced for basket spread options by 

Castellacci and Siclari (2003). Their original approach is 

the following: start by noticing that the original underlying 

of (1) can be split in two parts, one containing the stock 

prices with a positive sign (S
1
) and another containing the 

stock prices with a negative sign (S
2
):
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Castellacci and Siclari propose to replace S
1
 and S

2
 by 

two log-normal random variables X
1
 and X

2
, where X

i
 has 

the same mean and variance as S
i
, for i=1,2. Doing this, 

they transform the problem of evaluating the price of a 

basket spread option into the problem of evaluating the 

price of a spread option. The evaluation of the price of a 

spread option is a well studied problem in the literature 

and many approximations are available.

We extend the approach of Castellacci and Siclari in 

two ways. First, we improve their method by choosing 

a better approximation technique for the spread option. 

Originally Castellacci and Siclari used the Kirk method to 

approximate the spread. We use two new approximations 

for the spread, one is based on a recent approximation 

due to Li et al. (2008), the second approximation is based 

on the improved comonotonic upper bound belonging to 

the comonotonic bounds that we proposed as a fi rst set of 

approximations. Second, we also study the performances 

of this so-called hybrid moment matching on Asian 

basket spread options extending so the results obtained 

by Castellacci and Siclari who only considered basket 

spread options.

Second, we mix and extend the approach of Borokova 

et al. (2007) and Zhou and Wang (2008). Borokova et al. 

(2007) studied the problem of approximating the price of 

basket spread options using a shifted log-normal random 

variable. While Zhou and Wang studied the problem of 

pricing Asian and basket spread options using a log-skew 

normal extended distribution (see Azzalini (1985)). More 
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exactly we replace the underlying in (1) by a random 

variable of the form

eμ+σX + η,

where X has a skew extended distribution and where μ, σ 

and η are respectively location, scale and shift parameters. 

This is an improvement over the original paper of 

Borokova and al. (2007). By using a skew extended 

distribution for X instead of a normal distribution we gain 

two additional parameters to match, this should enhance 

the quality of our approximation. It is an extension of the 

approach of Zhou and Wang (2008) since by introducing 

a shift parameter we can control for the fact that our 

underlying can take negative values and can be applied 

to basket spreads.

Numerical Results

We compare our approximations using extensive 

numerical simulations. The simulations are split in 

three parts. First, we compare the performances of the 

approximations on spread option prices. We fi nd out that 

the improved comonotonic upper bound is an extremely 

accurate approximation to the price of a spread option. 

The quality of the approximation was even superior to the 

one obtained with the method of Li et al. (2008) which is 

one of the best approximations that can be found in the 

literature. This result justifi ed the use of the improved 

comonotonic upper bound to approximate the spread in 

the hybrid moment matching method. 

Second, we study the approximation of the price of a 

basket spread option. Unfortunately it was not optimal to 

use a single approximation technique when dealing with 

basket spread options. The best approximation technique 

seems to be based on a combination of hybrid moment 

matching with the improved comonotonic upper bound 

and the shifted log-normal approximation. 

Finally, we study the approximation of Asian basket 

spread options. In this case we fi nd that hybrid moment 

matching combined with the improved comonotonic 

upper bound (HybMMICUB) is the best approximation. 

Thus we recommend its use in this case.

The performances of our approximations are briefl y 

illustrated in table 1 and 2. The second column of table 1 

gives the approximated price of a spread option when the 

price is approximated using the improved comonotonic 

upper bound (ICUB). The second column of table 2 

contains the approximated HybrMMICUB price of an 

Asian basket spread option. The third column reports in 

both tables the “real” price which is computed through 

Monte Carlo simulations (MC).

Greeks and Options Written in a Foreign 

Currency

In the last two sections of Deelstra et al. (2008), we derive 

the Greeks of the approximate option prices and explain 

how the approximation techniques we develop could be 

applied to price options written in a foreign currency. To 

compute the approximations of the Greeks, we derive the 

approximation obtained by hybrid moment matching when 

the spread is approximated by an improved comonotonic 

upper bound. It should be emphasized that two things 

make this computation feasible. First, the improved 

comonotonic upper bound we use to approximate the 

spread has a nice closed form expression that can easily 

be derived. Second, since we used log-normal random 

variables to approximate S
1
 and S

2
, we only had to solve a 

linear system to compute the matching distribution. This 

linearity introduces considerable simplifi cations in our 

problem and allows us to use a chain rule to compute the 

approximation of the Greeks.

References

Azzalini, Adelchi. "A Class of Distributions which 

Includes the Normal Ones." Scandinavian Journal 

Statistics, 12 (1985): 171-178.

Borovkova Svetlana, Ferry Permana and  Hans v.d. 

Weide. "A  Closed-Form Approach to the Valuation 

and Hedging of Basket and Spread Options." The 

Journal of Derivatives, 14.4 (2007): 8-24.

Castellacci, Giuseppe and Michael Siclari. "Asian Basket 

Spreads and Other Exotic Averaging Options." Energy 

Power Risk Management, March 2003.

Chen, Xinliang, Griselda Deelstra, Jan Dhaene and 

Michèle Vanmaele. "Static Super-Replicationg 

Strategies for a Class of Exotic Options." Insurance: 

Mathematics and Economics, 42.3 (2008):1067-

1085.

Deelstra, Griselda, Jan Liinev and Michèle Vanmaele 

"Pricing of Arithmetic Basket and Asian Basket 

Options by Conditioning." Insurance: Mathematics 

and Economics, 34.1 (2004): 55-77.

Deelstra, Griselda, Alexandre Petkovic and Michèle 

Vanmaele. Pricing and Hedging Asian Basket Spread 

Options. ECORE discussion paper 2008/2.

Li, Minqiang, Shijie Deng and Jieyun Zhou. "Closed-

Form Approximations for Spread Option Prices and 

Greeks." The Journal of Derivatives, 15.3 (2008): 58-

80. 

Simon, Steven, Marc Goovaerts and Jan Dhaene. "An 

Easy Computable Upper Bound for the Price of an 

Arithmetic Asian Option." Insurance: Mathematics 

and Economics, 26.2 (2000): 175-184.



AENORM  vol. 17 (63)  April 2009 17AENORM  vol. 17 (63)  April 2009 17

specialty

Vanmaele, Michèle, Griselda Deelstra, Jan Liinev, Jan 

Dhaene and Marc Goovaerts. "Bounds for the Price 

of Discretely Sampled Arithmetic Asian Options." 

Journal of Computational and Applied Mathematics, 

185.1 (2006): 51-90.

Zhou, Jinke and Xiaolu Wang. "Accurate Closed-Form 

Approximation for Pricing Asian and Basket Options." 

Applied Stochastic Models in Business and Industry, 

24.4 (2008): 343-358.


